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Abstract 

We study the fluctuation of the eigenvalue number of any fixed interval A = [a, 6] inside the 
spectrum for j3- ensembles of random matrices in the case P = 1,2, 4. We assume that the potential 
V is polynomial and consider the cases of any multi-cut support of the equilibrium measure. It is 
shown that fluctuations become gaussian in the limit n —>■ oo, if they are normalized by 7r“^ logn. 


1 Introduction and main results 

Consider ^-ensemble of random matrices, whose joint eigenvalue distribution is 

n 

n |V-A,f, (1.1) 

2=1 


where Qn,p\^] is a normalizing factor 


/ n 

J^g-n/3V(V)/2 Y[ |V-A,fdA. 
2—1 


The function V (called the potential) is a real valued Holder function satisfying the condition 


U(A) >2(l + e)log(l + |A|). 


( 1 . 2 ) 


Below we denote 

E{i...)} = J (1.3) 

This distribution can be considered for any /3 > 0, but the cases ^ = 1,2,4 are especially important, 
since they correspond to real symmetric, hermitian, and symplectic matrix models respectively. 

It is known (see [HIT]) that if V' is a Holder function, then the empirical spectral distribution 

n 

n~^'^S{X - Xi) 
i=i 


converges weakly in probability defined by (ED to the function p (equilibrium density) with a compact 
support a. The density p maximizes the functional, defined on the class A4i of positive unit measures 
on R 


Py (p) = max 


J log |A —/r|dm(A)(im(/r) — y U(A)m(dA)| = £\y]. (1.4) 
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The support <j and the density p are uniquely defined by the conditions: 

v{X) ■= 2 y log l/r - \\p{pL)dp — y(A) = sup v{\) := v*, X e a, 
v{X) < supu(A), A ^ cr, cr = supp{p}. 

We are interested in the behavior of linear eigenvalue statistics, i.e., 

n 

N'n[h] = '^h{X^^'^), (1.6) 

i=i 

In the case of smooth test function h the behavior of Afn[h] now is very well understood for any /3 > 0. 
It was proven in [7] that for one cut (i.e., a = [«,&]) polynomial potentials of generic behavior and 
sufficiently smooth h (8 derivatives), if we consider the characteristic functional of Afn[h] in the form 

$„,;3[x,h] (1.7) 

then 

lim = exp<^ — (D,j/i, h) 1, 

n—)-oo t Zp ) 

where the ’’variance operator” Dfj and the measure u have the form 

h{X)dX r h'ip)xy^ip)dp 
TT^Xp^iX) X A - M 
X^X) = (&-A)(A-a). 

The method of 0 was improved in [lOj . where it was generalized to the case of non polynomial real 
analytic potentials V and the test functions with 4 derivatives, and then improved once more in m, 
where the case of non analytic V was also studied. The case of multi-cut (i.e. a consisting of more 
than one interval) real analytic potentials was studied in |17| . where it was shown that in this case 
fluctuations become non gaussian. 

But the method, used in the case of smooth h, does not work in the case of h which have jumps. 
In particular, the method is not applicable to h = 1a, A = [a, &] C cr, which means that Afn[h] is 
a number of eigenvalues inside the interval A. Moreover, it is known that for gaussian unitary and 
gaussian orthogonal ensembles {GUE and GOE) the variance of the eigenvalue number is proportional 
to logn, while in the case of smooth test functions the variance is 0(1). Thus, it is hard to believe 
that the central limit theorem (CLT) for indicators can be obtained by methods similar to that for 
smooth test functions. 

Till now there are only few results on the CLT for indicators. The case of CUE was studied a long 
time ago (see,e.g., [5]). In the paper [3] it was shown that the Gaussian fluctuations for GUE imply 
similar results for GOE and GSE (i.e., the cases when y(A) = A^/2 and /3 = 1 and /3 = 4). Even for 
classical random matrix models, like the Wigner model with non gaussian entries, GLT for functions 
with jumps was proven (see [2]) only for the Hermitian case (/3 = 2), and only under the assumption 
that the first four moments of the entries coincide with that of GUE. There are also a number of 
publications where CLT for the determinantal point processes are proven (see [18] and references 
therein or [6]). Similar results for some special kind of Pfaffian point processes were obtained in [9]. 

At the present paper we use the representation of the characteristic functional of Mn [h\ in the form 
of the Fredholm determinant of some operator in order to prove CLT for the indicator test functions 
in the case of /3- models with /3 = 1,2,4. Unfortunately, since similar representations are not known 
for general /3, the method does not work for /3 1, 2,4 

Let us start form the case /3 = 2. 


{Dc,h,h) = ( 
J G 
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Given potential V, introduce the weight function w„(A) = e and consider polynomials 

orthogonal on R with the weight i.e., 

j = 5i^rn- (1-8) 

It will be used below also that {p|”^}[Lo satisfy the recursion relation 

= ai+ip["\(A) + bnp\"\x) + aipl"'\\). (1.9) 

Then consider the orthonormalized system 

MX)=e--^^’'^/^p^\x), 1 = 0 ,..., ( 1 . 10 ) 

and construct the function 

n —1 

KniX,p) ='^lljl{X)tpl{p). (1.11) 

1=0 

This function is known as a reproducing kernel of the system (11.101) . It is known (see, e.g., [5]) that 
for any x and any bounded integrable test functions h the characteristic functional defined by (II3 
for /3 = 2 takes the form 

$n,2[a:, h] = e-"^{^'“['‘l>det{l + (e"'‘ - 1)X„}, 

where the operator (e^^ — l)Kn has the kernel 

((e"'* - l)Kn){X,p) := - l)if„(A,/r) 

In particular, if h = 1 a and we set Xn = xn/ n, then ^n, 2 [xn, 1a] takes the form 

$„,2(cc) := = e-""^^^"[i^l>det{l + (e"" - l)if„[A]}, (1.12) 

where 

K4A]iX,p) := lA(A)K„(A,/r)lA(Ai). (1.13) 

Representation (11.121) allows us to prove CLT for the indicator test function in the case [3 = 2 (see, 
e.g., [13]): 

Theorem 1 Let the matrix model he defined by E2P with [3 = 2 and real analytic potential ld(A) >> 
log |A^ + 1|. Let also A = [a, b] C a° (here and below a° means the internal part of the support a of 
the equilibrium measure) and Xn = xtt log~^^^ n. Then 

lim log $„ 2 ( 2 ;) = a^^/2. (1-14) 

n—¥oo ' 

Although the result is not new, its proof is an important ingredient of the proofs of CLT for the cases 
[3 = 1,4, hence the proof is given in the beginning of Section 2. 

For /3 = 1,4 the situation is more complicated. It was shown in [T3] that the characteristic 
functionals l>„,i(a:) and l>„, 4 (a:) can be expressed in terms of some matrix kernels (see (11.161) - (11.211) 
below). But the representation is less convenient than (11.81) - (11.121) . It makes difficult the problems, 
which for [3 = 2 are just simple exercises. 

We have 

$n,i(x) = e-""^{^"[i^l>deti/2{l + (e"" - l)K„,i[A]}, (1.15) 

$n.4(x) = e-"'‘^^^"/=[i^l>deti/2{l + (e"- - l)iF„,4[A]}, 
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where similarly to the case /3 = 2 the operators and are the projection on the interval 

A of some matrix operators ATnp, Kn^^: 

if„,i[A](A,p) = lA(A)X„,i(A,/x)lA(Ai), X„, 4 [A](A,/i) = 1 a(A)X„, 4 (A, p) 1 a(m). 

The matrix operators Kn^i and Ar„ 4 have the form 


f Sn,l 

TXn,l 

"4 ■- - e 

‘^n,l 

1 f Sn,4 

TXn,4\ 

■" 2 [inA 

^ 14 ) 


, /3 = 1, n — even, 

, /3 = 4, 


where the entries are integral operators in L 2 [®.] with the kernels 

n—1 

5„,i(A,m) = - = 5„,i(A,/r), 

j,k=0 

d 

n—1 

5„/2.4(A,/i) = - €/2,4i^,fk) = 5„/2,4(A,p), 

5 

^n,4('^5M) — cv <^n,4(-^5 M)5 ^n,4('^5/^) — (^*^n,4)M)5 

a/i 

e(A - Ai) = isgn(A - ^). 


(1.16) 

(1.17) 

(1.18) 


(1.19) 


( 1 . 20 ) 


Here the function {ipj are defined by (11.101) , sgn denotes the standard signum function, and 
and in (11.1811 and ()1.19p are the left top corner n x n blocks of the semi-infinite matrices that 
correspond to the differentiation operator and to some integration operator respectively. 


Mi") := (eV^4:7.).,>o , A7(") = {M^ij-llg. 


( 1 . 21 ) 


Remark 1 From the structure of the kernels it is easy to see the cases /3 = 1,4 the characteristic 
functional can be written in the form 

<i>„,4(x) = det^/2{j+(e"" - l)i„,i[A]}e-""^^^"[i^»l>, 

l>„,4(x) = deti/2|j+ (e-n - l)i„,4[A]}e-"-^^^"[i-»l>, 

where An^i = Sn,iJ, 4„^4 = Sn, 4 J are skew symmetric matrices 

(Al„,i[A])* = -H„,i[A], (A1„,4[A])* = -A1„.4[A], 0 ) • 

The main problem of studying of $„p(x) and <l>„ 4 (a:) is that the corresponding operators Kn^i 
and 77„,4 (differently from the case /3 = 2) are not self adjoint, thus even if we know the location of 
eigenvalues of Kn,i and Ar „,4 we cannot say something about the location of eigenvalues of Ar„,i[A] 
and Ar„^ 4 [A]. 
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The idea is to prove that the eigenvalue problems for and can be reduced to the 

eigenvalue problem for i4r„[A] with some finite rank perturbation. For this aim we use the result of 
|20) . where it was observed that if F is a rational function, in particular, a polynomial of degree 2m, 
then the kernels iSnp,«S „,4 can be written as 

2m—1 

Sn,i{X, ^i) = Kn{X, + n ^ Fj^V«+j(A)e'i/’„+fe(Ai), (1-22) 

j,A:—— (2m —1) 

2m-l 

*^71/2,4('^;/^) ~ Kni^X-, Tl ^ ^ ^jk 

j,fc—— (2m —1) 

where can be expressed in terms of the matrix T~^, where Tn is the (2m — 1) x (2m — 1) 

^ ^ (n) (n) 

block in the bottom right corner of Dn Mn , i.e., 

(T„),fc := 1 < j, fc < 2m - 1. (1.23) 

The representation was used before to study local regimes for real symmetric and symplectic matrix 
models. The main technical obstacle there was the problem to prove that {T~^)jk are bounded 
uniformly in n. The problem was solved initially for the case of monomial t^(A) = in [^, then for 
general one-cut real analytic V in m and finally for the general multi cut potential in m, where it 
was shown that for generic real analytic potential V 

\Fjt^\<C. (1.24) 

To formulate the main results, let us state our conditions. 

Cl. V is a polynomial of degree 2m with a positive leading coefficient^ and the support of its equilibrium 
measure is 

q 

^ ^CL — [-^2a —li -^2 q:] (1.25) 

C2. The equilibrium density p can be represented in the form 


p(A) = Tp(a) 3A:1/2(A -f lO), inf |P(A)| > 0, 

27r Ago- 


(1.26) 


where 


2q 

X{z)=Y[{z-E^), 


(1.27) 


and we choose a branch of X^/‘^{z) such that X^l'^i^z') ~ z’*, as z ^ -foo. Moreover, the function v 
defined by mM) attains its maximum only if X belongs to a. 


Remark 2 It is known (see, e.g., 1131 Theorem 11.2.4]) lhat for any analytic V the equilibrium 
density p always has the form U.26\) - \1.27^ . The function P in il.26\l is analytic and can be 
represented in the form 


P{z) = 


1 r v'{z)-V'{0 


27ri 


d(. 


Tc (z - Ox^/^iO 

Hence condition C2 means that p has no zeros in the internal points of a and behaves like square root 
near the edge points. This behavior of p is usually called generic. 


Theorem 2 Consider the matrix model m with P = 1 and even n and V satisfying conditions 
C1,C2. Let the interval A = [a, 6] C a°, and let the characteristic functional ^^^(a;) be defined by 
kl.l2^) for /3 = 1 with x„ = x’n\og~^^^ n. Then 

lim log$„^i(a:) = 

n—^oo ’ 
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Theorem 3 Consider the matrix model foy with j3 = A and V satisfying conditions Cl, C2. Let the 

interval A = [a,b] C a° and let characteristic functional ^n, 4 ix) be defined by for /3 = A with 

1/2 

Xn = XTrlog” ' n. Then 

lim log l>„ 4 ( 2 :) = x'^/A. 

n—^oo ’ 

2 Proofs 

Proof of Theoreml^Set F(x„) log A>n, 2 ix) and consider the Taylor expansion of F(xn) with respect 
to Xn up to the second order 

2 3 

F{xn) =^Tr Kn[^]{l - Kn[A]) + ^Tr i^„[A](l - Kn[A])R{K„[A]), (2.1) 

Ci<R{t)<C2, tG[0,l]. 


Lemma 1 

Tr A:„[A](1 - A:„[A]) = / dX [ KniX,fi)dfj. = Tr~^\ogn{l + o{l)). (2.2) 

Ja J a 

The lemma implies that the first term in the r.h.s. of (12.11) tends to x'^/2, while the second one is 
bounded by cXn logn = o(l), since 

CiTr i^„[A](l - Kn[A]) < Tr if„[A](l - i^„[A])i?(iG„[A]) < CzTr iG„[A](l - if„[A]). 

Hence, we get the assertion of Theorem [T] Thus, we are left to prove Lemma [T] 

Proof of Lemma [H Take dn = log^^^ n and write 

f f / r“+dn pb—dn pb 

TriL„[A](l-iL„[A]) = / dX d^iKl{X, = { / dX+ dX+ dX) (2.3) 

Ja Ja ^Ja Ja-\-dn Jb—dn ^ 

O pCL pb-\-dn na — dn fOO 

dfi+ dpL+ dpL+ dfijKn{X,pi). 

a — dji Jb J— Qo Jb-\-dji 

The Christoffel-Darboux formula implies 


J Kl{X,fi){X-n)'^dXdn = ^ri j (^/’„(A)^/i„_i(/i) -'ifn{p)f^n-i{X))‘^dXdpL = 2o„ < C, 

where a„ is the recursion coefficient of (HU, and we have used the result of m (see also m, Chapter, 
Lemma) on the uniform boundedness of a„, as n ^ 00 . Then 




Kl{X, yL)dXdyL < Cdf^ = 0 (log^/^n), 


which implies that 


na-\-dn 


TriL„[A](l -iL„[A]) = 

pb 


dX 


1 — dn 


dhKl{X,ti) 


(2.4) 


■b-\-dn 


dX 


dfiKliX, m) + 0(log2/3 n)=Ia + h + 0 (log 2/3 n). 


/ b—dn 


To find la, we apply the results of [1], according to which for A, /r from the bulk of the spectrum the 
reproducing kernel has the form 


IT ^ NSinn7r((()(A)-(()(/r)) 

Kn{X, pi) =h{X, n) --- r - (l + 0(n )) 

7 r(A - pj.) 


(2.5) 


'y ' ^ ±.± (A, pi)( 


i7m(±0(A)±0(Ai)) 
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where h and (j) for (A, fi) in the bulk of the spectrum are smooth, positive, bounded from both sides 
functions, the remainder functions r___, have uniformly bounded derivatives in both 

variables, and means the summation with respect to all combinations of signs in the exponents. 
Moreover, 


4>'{X)>co, if \X-Ek\>e, k = l,...,2q, 
h{X,X) = 1. 


It is easy to see that the remainder terms in the r.h.s. of (12.511 after integration in the limits, written 
in the r.h.s. of (j2.4L give us at most 0{d'^). Hence, we need only to find the contribution of the first 
term of (12.5p . Performing the change of variables A = a + x/(ntj)'(a)), = a — y/{n(j)'(a)), we get 


In = 


pndn pndn 

/ dx dy{l + o{l)) 
Jo Jo 


sin^(7r(x + y){l + o(l)) 


dxdy + 0{d^) 


7r^(x + yY 

pnd^ pnd„ sin^('7r('T + 7/11 

I dx / dy —;—^:^dxdy + o{\ogndn) + 0{dY) 

0 Jo 


tt‘^{x + yY 


(^J d'^ + ^^) ( / ^^^TT^x+'yY^ 0{dl) 


pndn 


pndn 


dx 


pndn 

L "A 


dy 

dy 


1 — cos27r(x + y) 
2 t:'^{x + yY 
1 


+ 0(1) + o{\ognd„) + 0{dY) 


1 


+ + = ^logn(l + o(l)). 


Similarly 

Ib = ^logn(l + o(l)). 

Then in view of (|2.4I) we obtain (12.2|) . 

□ 

Proof of Theorem [H 

Let us consider the eigenvalue problem for iL„,i[A]: 


r Sn,lfA+'JXn,igA—Ef/^, 

\ 2in,l/A — c/a + ‘5jp5A = EfA- 


Here and below 


/a = 1a/, 5a = 1a3- 

Observe, that since all the functions in the first line of (12.61) are analytic, the equation is valid also 
outside of A. Apply the operator e to both sides of the equation. We get 


r JJn,ifA + S^iQA — EefA + Eef^, 
\ In,ifA — c/a + ‘?Jq<7A = EgA, 

^ EgA = iE- l)(e/A) + IaAc/^, 


where we use that integration by parts gives us that e2A„,i = and denote 

/a = / - /a 

with A being a complement of A. Observe that 


e/A(A) 


/CL ^ pOO 

f{t)dt - - f{t)dt =: (/, ^'a) = const, A 
-oo ^ Jb 


e A. 


( 2 . 8 ) 
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Multiply the first line of by E and use the above equation for Eg a- Integration by parts gives 


us 


(2.9) 


2?n.i(e/A)(A) =5 „.i/a(A), 

2A„,i(lAe/A)(A) = (5„.i(A,a) - 5„.i(A, 6))(/, vJ/a) =: Pf, 
where by the above definition, P is a rank one operator in L 2 [A]. We obtain 

{2E - 1)5„.i[A]/a - PVa + EPf = 0. 

Hence the solutions {E^} of (12.61) are solutions of the equation 

V{E) := det|p2 - {2E - l)5„,i[A] + Ppj = 0. 

It is evident that P{E) is a polynomial of 2nth degree, and Ek are the roots of P{E). We are 
interested in 


2n 


2n 


( 2 . 10 ) 


( 2 . 11 ) 


n(l +<5ni?fc) = e = cn-s-^), 

k^l k^l 

where Sn := — 1. Thus we obtain 

log$„,i(a:) = - XnE{Afn[lA]} + ^ logdetjl + {26n + (5^)5„,i[A] + (5„p|. 

Now we use (11.221) . Substituting the representation in (12.101) we get 

logl>„,i(x) = - x„£'{A/'„[1a]} + t logdetjl + (2Sn + (5^)A:„(A)| 

^ 2m—1 

+ - logdet|(l + P((5„Pi + E^^Qk^Y 

k,j— — {2m — l) 

where {Qkj} are rank one operators with the kernels Q/cj(A,/r) = 'ipn+kW^'^n+jip), 

P = (1 - 4ifn[A])-\ 4 = (e^"- - 1) = 2<5„ + Si 

According to the standard linear algebra argument 

det(l + y] Oi (g) bi) = detj^ij + 5„(ai, bj)}. 

Taking into account the formula and the structure of the remainder in (12.lip , we conclude that in 
order to prove that the last term in (12.111) is small, it suffices to prove that 


P'4^n+k')\ A ESji^ 

\{R1aS„(x, a), d'A)| < CSn, \{RlASn{x, b), 4'a)| < CSn- 
The last two inequalities are trivial, since 

SUppd'A = A, supp PlA5'n(x, a) = supp PlA>S'n(x, 6) = A. 
For the proof of the first inequality of (12.121) we need the following lemma. 
Lemma 2 Set 


( 2 . 12 ) 


i>„(A) := 1 a(A) / d^Kn{X,fJ.). 

JA 


Then for any A € A 


|Wn(A)| < 


C 


C 


l + n|A —5| l + n|A —a| 


(2.13) 


(2.14) 














The proof of the lemma is given after the proof of Theorem [S] Now we continue the proof of (12.121) . 
The first bound of (12.121) is a corollary of three estimates 


\n{lA'(IJn+k,e'ljjn+j)\ < C6n, |n('i/’n+fe, iiln [AJc'i/'n+j) | < C6n, (2-15) 

\\niK^[A] - K^„[A])ei;^+,)\\ < C. 

Indeed, the third bound of (|2.15l) yields for m > 2 


m— 1 


\\nmA] - K4A])e^r.+j)\\ < ^ \\<[^]n{K^^[A] - K4A])ei:r.+j\\ 

1=0 

< m||n(ii:^[A] - Kn[A])e'ijjn+j)\\ < mC. 

Here we used also that ||i4r„[A]|| < 1. Thus, 


^ l^n^A] - if„[A])e^„+,) < ^ < C5l 

<C5l. 


m—2 


m—2 


nC^r[A]e^„+, - 


m=2 


{l-SnY 


Combining this inequality with the first two bounds of (12.151) we obtain the first bound of (12.121) . 
To prove (12.151) . we use the result of [TH Lemma 2], according to which 


e-ipn+j = n + 0{n 


where Cn+j is some constant, bounded uniformly in n. Using this fact, we conclude that to prove 
(12.151) it suffices to prove that 

|n^/^(lA'l/'n+fe, 1 a)| < CSn, |n^/^(A:„[A]l/’n+fe, 1a)| < CSn, (2.16) 

\\n^/\K„[A]-Kl[A])l^)\\<C. 


Lemma [5] yields 


||(ii:„[A] - ii:^[A])lA|| = f_dv [ dfj,K„{X,iy)Kn{fi,v) 

J A J A 


= \\KnVn\\ < llt'nil < Cm 


hence we obtain the last inequality of (12.161) . The first inequality of (12.161) is a simple corollary of the 
result of [H Theorem 1.1], according to which 

V'n+fe(A) = i?fe(A) cos(n7r(()(A) + mfe(A)) (1 + 0{n~^)) 


where Rk and are smooth functions. Using this result, we can integrate by parts and obtain the 
first inequality of 1)2.16|) (even with Cn~^C in the r.h.s. instead of CSn)- In addition, since 


R-nH^n+k — lfc<oV^n+fc; 


we have 


[Aj'^n+fc — lfc<olA'0n+fc R'nX ^'^n+k- 

The bound of the first term is given by the first inequality of (I2.16P . For the second term write 

I iRn^A'4^n+k 5 1a) I — I (lAt^^+^ J AT^jIa) I = | {^^'4^n+k ; 'On) \ — CtI ^ . 

Hence, we complete the proof of the second inequality of (I2.16p . 
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It was explained above that (12.161) imply (12.151) . which combined with (12.111) yields 
log$n.i(a;) = -XnE{Nn[^A]} + ^ logdetjl + - l)ii:„[A]| + 0(i5„). 

Then similarly to the case /3 = 2 we have 

^Tr log(l + (e^"" - 1)K4A]) =:e„S{A4[1a]} + if„[A](l - Kn[A]) (2.17) 

+ K„[A](1 - K^[A])R{K^[A]). 

By Lemma [U 

Tr Kn[A]{l - K„[A]) = 7r“^ logn (1 + o(l)), 

hence the limit of the second term of (12.171) is and the last term is 0(log“^^^ n). 

□ 


Proof of Lemma [H The proof is based on the representation (12.51) . Integrating by parts, it is easy 
to see that the contribution of the remainder terms (written in X]±) most 0{n~^). Hence we 
need to consider only the contribution of the first term in the r.h.s. of (12.51) . Take X < a and consider 
the change of variables x = ^(a) — ^!)(A), y = (fiy) — Let tp be the inverse function of ^(x) — 4>{a) 
and a — X = Ax > 0. Then the main part of our integral takes the form 


^ ,sinn7r(x + j/) 


(2.18) 


=C 


JO p{y) + ^x 

, , sin7r(nx + j/') ,, 

dy'-T-nz^-^ + oin-^), 
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rup{y'/n) + nA\ 


where 

d = (j){b) - (j){a), hx{y) = h{X,ip{y)), 
and we have used the fact that the function 

P'{y)h\{y) - p'i0)hx{0) 
y + Aa 

has a bounded derivative, hence integration by parts with sinn7r(x + y) gives us 0{n~^) 


FiX) :=C [ 

Jo 


1 {nx} sin 7 r({nx} + y) 


nd 


dy 


nip{y'ln) + nAx 


-^E 




1—{nx} 


dy 


sin7r({x} + y) 


-{nx} rup{{y' + k)/n) + nAx 


r*l —{Lircj • / f T I f\ 

' '■ ‘ sin7r({nx| + y ) 


/-{nx} nif{{y' + k+l)/n) + nAx 


dy'). 


Observe that the series above is of alternating sign, and modules of the terms decay, as k grows (recall 
that <p{y) is an increasing function of y). Thus, 


nA)>c 


nip{y'fn) + nAx 

Jo + y) 

sin7r({nx} + y') 


, sin7r({nx} + y) 
-{nx} ^ np{{y' + l)/n) + nAx' 

, sin^({nx}+y') 

-{nx} ^ np{{y' + l)/n) + nAx 


/ I —{nx} 

dy' 

-{nx} 


np{{y' + 2)/n) + nAx ' 
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These bounds combined with (12.181) prove (12.141) for X < a. For X> b the proof is the same. 

□ 

Proof of r/ieoremOXhe proof is very similar to that of Theorem[2l hence we present it very briefly. 
We consider the eigenvalue problem for (^ = 1). 

f Sn,4fA + TXn,4gA — Ef^, , qN 

\ In,4fA+Sl^gA=EfA. ^ ’ 

Apply the operator e to both sides of the first equation and then subtract the second line from the 
first. We get 


EgA = E{efA) + IaAc/^. 

Substituting the relation in the first line of (I2.19L we obtain 

25„,4[A]/a-A/a+P/ = 0, 


where (cf p.9l) l 


Pf ■■= {SnAX, a) - 5„,4(A, 6))(/, ^-a) 

is a rank one operator. Taking into account (I1.19|) and (11.151) . we have now (cf (12.101) 1 
log$„.4(x) = - XnE{Nn[XA]] + ^ logdetjl + A„5„,4A] + yPj- 

Applying (11.221) and repeating the argument used in the proof of Theorem [51 we obtain the assertion 
of Theorem [31 
□ 
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